We study the supersymmetric Wilson loops in the four-dimensional N = 4 super YangMills theory in the context of AdS/CFT correspondence. In the gauge theory side, it is known that the expectation value of the Wilson loops of circular shape with winding number k, W k (C), is calculable by using a Gaussian matrix model. In the gravity side, the expectation value of the loop is conjectured to be given by the classical value of the action S D3 for a probe D3-brane with k electric fluxes as W k (C) = e −S D3 . Given such correspondence, we pursue the interpretation of the matrix model eigenvalue density, or more precisely the resolvent, from the viewpoint of the probe D3-brane. We see that the position of an eigenvalue appears as an integrated flux on the D3-brane. In the course of our analysis, we also clarify the boundary condition on the D3-brane in terms of the Wilson loop.
Introduction
Duality between string theory and gauge theory has been an important concept for theoretical particle physics. In particular Wilson loop would play a unique role there, since originally it has been introduced in the context of stringy behavior of the strong coupling gauge theory, i.e., the area law behavior in the confining gauge theory.
In the recent development of the duality, the "area law" of the Wilson loop has been rediscovered [1] in the context of the AdS/CFT correspondence. Hence in AdS/CFT, Wilson loop is useful for concrete realization of the duality. There, we usually begin with the N D3-branes located on top of each other and put another D3-brane in parallel with them at a large distance. Then we evaluate the amplitude for the propagation of a string stretched between the N D3-branes and the single separated brane from two different points of view, from gauge theory and from gravity picture.
From the viewpoint of the gauge theory, the stretched string corresponds to a bifundamental matter of the SU(N)×U(1) gauge theory. By evaluating the amplitude for the string propagation along a loop C on the isolated brane, we can introduce a Wilson loop for C in the bi-fundamental representation of the SU(N)×U(1) gauge group.
In order to discuss the gravity side, we replace the N D3-branes with the near horizon geometry of the extremal black 3-brane solution. Then the isolated brane is recognized as a single probe D3-brane in the near horizon region and we evaluate the propagation amplitude for the string attached to the loop C on the probe D3-brane.
The AdS/CFT correspondence claims that these two different points of view give the Here on the left hand side, not only the gauge field but the scalar fields are included since a string attached to D-branes is coupled to all of them. Also, the U(1) part of the Wilson loop has been omitted since we discuss the limit in which the U(1) brane is separated by a large distance from the remaining N D3-branes and thus its dynamics decouples from the SU(N) part we are interested in. Actually in the gravity side we consider the string world sheet which is attached to the loop C on the AdS boundary. Hence the right hand side only takes account of the SU(N) contribution in terms of the gauge theory side. Also we need to take care of the definition of the functional S string on the right hand side. In the paper [2] it has been proposed that in addition to the usual Nambu-Goto type action, we need to add appropriate boundary terms which eliminate divergence due to the infinite scale factor from the vicinity of the AdS boundary. Introducing these boundary terms was recognized as performing the Legendre transformation to change the boundary condition of the world sheet.
The conjecture (1.1) has been checked mainly in the case of the straight Wilson line or the circular Wilson loop which preserves some global supersymmetry. 1 In the study of the circular Wilson loop, a Gaussian matrix model plays an important role. It was proposed as a technical tool for summing up all the planar ladder diagrams [4] and a further argument for the matrix model including the non-planar diagrams was given in [5] . 2 In the more recent paper [7] , an argument based on the topological twist and localization technique is discussed. A relation to the Gaussian matrix model has also been discussed by using the mirror symmetry and the geometric transition [8] .
In the study of the validity of the conjecture (1.1), an important work has been done in the paper [9] . There the authors considered a circular Wilson loop with winding number k. This winding number corresponds to the string charge because k stretched strings between N D3-branes and the single D-brane mentioned above yield the Wilson loop with winding number k. In the gauge theory side the expectation value of the operator can be evaluated by the matrix model of the same Gaussian action as in the single winding case. On the other hand, in the gravity side, they considered a spike D3-brane solution carrying a nontrivial electric flux by k units of the electric charge, because the electric charge on the D-brane corresponds to the string charge. In the gravity side the computation is essentially the same as the right hand side of (1.1) with the string action being replaced by the D3-brane action.
3 In [9] , it was found that the relevant D3-brane solution has the geometry 1 For a recent quantitative test of a similar conjecture to (1.1) in the case with less symmetry, see the paper [3] . There a similar relation in the case of finite temperature D0-brane system is tested by using the Monte Carlo simulation.
2 See also [6] for a discussion on the relation between the Wilson loop and the matrix model in the beta-deformed super Yang-Mills theory. 3 It has been proposed that the D3-brane actually corresponds to the Wilson loop in the symmetric representation [10] , and has been argued that in the strong coupling limit of the gauge theory, a multiply wound Wilson loop and a symmetric one give an identical expectation value. See the paper [11] , for these issues. We however consider that there is a subtlety here. See the concluding section.
of AdS 2 ×S
2 where the radius of the S 2 is given by the parameter κ ≡ k √ λ/(4N). This suggests that the large-N limit with fixed κ in the gauge theory side is a quite interesting limit. Actually it was found that in this limit, the expectation value of the Wilson loop computed by using the Gaussian matrix model agrees with the prediction of the gravity side. A very important point in this work was that the large-N limit is not the planar limit but the result contains a class of the non-planar contributions since the parameter κ depends on N inversely.
One of the interesting developments which followed the paper [9] is the study of the geometric aspects of the eigenvalue in the Gaussian matrix model. Stimulated by the case of a local operator [12] , the correspondence between the eigenvalue distribution and a certain aspects of the geometry has been discussed in [13, 14] . In general, gravitational interpretation of eigenvalues in matrix models would be an interesting and essential problem for gauge/string duality, or even for nonperturbative formulation of string theory. For example, in the IIB matrix model [15] the eigenvalues of matrices are interpreted as the space-time points and their dynamics is discussed as emergent geometry [16] . Therefore, even if we concentrate on a particular eigenvalue of a specific matrix model, it would be intriguing to find its gravitational interpretation clearly in the context of the AdS/CFT correspondence.
Information on the eigenvalue of a matrix model is well packed in the expectation value of an operator called the resolvent. In this paper we thus consider the resolvent of the matrix model from the viewpoint of the probe D3-brane. Our main goal is to discuss a gravitational interpretation of the eigenvalue distribution, or more precisely the resolvent, in the Gaussian matrix model in the presence of the Wilson loop with a large winding number k. In particular we are interested in results which follow directly from the basic correspondence (1.1) using the D3-brane action. This is in contrast to the "bubbling geometry" approach taken in [12] [13] [14] . On the way of the analysis, we also identify what kind of boundary conditions should be imposed on the D3-brane configuration so that it will correspond to the Wilson loop with winding number k.
The rest of the paper is organized as follows. In section 2, we review the matrix model computation and discuss the resolvent in the 1/N-expansion with fixed κ. From this result, we will see what kind of quantity in the gravity side should reproduce the matrix model resolvent. In section 3, we begin with a brief review of the setup and the results of [9] . Next we perform the computation in the gravity side which yields the same result as in the matrix model, and then we find a gravitational interpretation of an eigenvalue. In the course of the analysis we will give some interesting aspects of the work [9] , especially identification of appropriate boundary conditions for D3-brane configurations. We then conclude the paper in section 4 with some discussions. A couple of appendices are devoted to filling in some technical details in the main part of the paper.
Multiply-wound Wilson loops in gauge theory
In this section we discuss the gauge theory side and its relationship to the matrix model. In subsection 2.1, we start with a brief review of the expectation value of the Wilson loop in the large-N matrix model. We also mention the eigenvalue distribution derived in [13] by solving the saddle point equation of the matrix model. For our present purpose, however, it will turn out to be more useful to discuss the resolvent through the Laplace transformation. In subsection 2.2 we discuss the Laplace transformation that motivates us to proceed to the gravitational interpretation.
Matrix model calculation
We consider the Wilson loop in the four-dimensional N = 4 super Yang-Mills theory, which is defined by
Here A µ (x) (µ = 1 . . . 4) and Φ i (x) (i = 1 . . . 6) are the gauge field and the scalar fields, respectively. The coordinates x µ span the Euclidean four-dimensional space and θ i is the coordinate on the unit S 5 . We consider the operator in which the path C : {x µ (s) | 0 ≤ s < 2kπ} is a multiply winding circle and θ i is constant. The subscript k on the left hand side indicates that the loop C goes around the circle {x µ (s) | 0 ≤ s < 2π} k times. The expectation value of the operator (2.1) is calculable by means of the Gaussian matrix model [4, 5, 7] :
is the Laguerre polynomial. We introduced the function f (k ′ , N) for later convenience. Hereafter, the expectation value of the Wilson loop (2.1) is always understood as this matrix model expectation value.
In [9] , the large-N limit of f (k ′ , N) with fixed κ ≡ k √ λ/(4N) was derived by using a differential equation. Here we follow their steps and introduce
In the large-N limit with fixed κ, the differential equation (2.4) can be solved perturbatively and the solution is given by 4 F ± (κ, N) 4 The constant term can be fixed, for example, by comparing the small κ limit of (2.5) with the modified Bessel function. For the relation between the function f (k ′ , N ) with small κ and the modified Bessel function, see the discussion around (2.28).
We take F − since it dominates in the large-N limit. Now let us see that the leading term in (2.5) originates from an eigenvalue apart from the cut of the standard semi-circle distribution of the Gaussian matrix model [19] . In terms of eigenvalues, (2.2) can be written as 6) which tells us that the Wilson loop gives rise to force only on a single eigenvalue (say m N ). Therefore let us introduce the eigenvalue distribution as
Then V eff can be rewritten as
By considering the variation of ρ (0) (m), the saddle point equation reads
In order for the subleading distribution ρ (1) (m) to make sense, we need to discuss the distribution ρ (0) (m) to the same order. Hence we further expand it with respect to 1/N as
Here we note that the distribution functions ρ (0,0) (m) and ρ (0,1) (m) satisfy the following conditions: 
from which we find 13) which is indeed outside the cut. Finally, we discuss ρ (0,1) (m). Let us first study the behavior of ρ (0,1) (m) in the limit κ → ∞ by a physical argument without using the saddle point equation. In this limit, the isolated eigenvalue goes to infinity and its effect on the remaining N − 1 eigenvalues should vanish. Then the resulting distribution function ρ (0) (m) becomes the semi-circle distribution for N − 1 eigenvalues which is given by
Here we have introduced λ N −1 = (N − 1)/N × λ and the overall factor (N − 1)/N on the right hand side of (2.14) reflects the fact that ρ (0) (m) is defined with the overall factor 1/N instead of 1/(N − 1) (see (2.7)). So, from this simple argument we find that, in the limit κ → ∞, (1/N)ρ (0,1) (m) is given by the second term of (2.15) (including the minus sign).
For a generic value of κ, we need to solve the saddle point equation for ρ (0,1) (m), i.e., the terms of O(N −1 ) in (2.9), which is now given by
Physically, this equation shows that the subleading distribution ρ (0,1) (m) is determined by the following manner: the repulsive force from the isolated eigenvalue at m = m * changes the subleading distribution ρ (0,1) (m) of the N − 1 eigenvalues from its form in the limit κ → ∞ discussed above. This change gives rise to additional force among the N − 1 eigenvalues themselves. Then the distribution ρ (0,1) (m) is determined by the force balance condition among these effects. Therefore, ρ (0,1) (m) describes both effects of subtracting a single eigenvalue and distortion on the distribution of the remaining eigenvalues due to the isolated eigenvalue. It is evident that they are of O(1/N). Since ρ (0,1) (m) subtracts an eigenvalue, it is natural to assume that it has its support only inside the range (− √ λ, √ λ) or at m = m * . This is because the total eigenvalue density ρ(m) must be positive everywhere. In fact, as we have shown above, the support of ρ (0,1) (m) in the limit κ → ∞ is given by (− √ λ, √ λ). Furthermore, since the distortion due to the isolated eigenvalue should reach the whole distribution of the remaining eigenvalues, it is natural again that the support of
for a generic value of κ. In the rest of this subsection we assume this property.
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Let us solve the saddle point equation (2.16) based on this physical argument. For this purpose, we introduce the resolvent R (0,1) (m) as
Then R (0,1) (m) is determined by the following conditions:
• The real part of R (0,1) (m) at the support of ρ (0,1) (m) is given by (2.16).
• For the generic value of κ, the resolvent has one cut (− √ λ, √ λ) while it has no pole. This is due to the assumption for the support of ρ (0,1) (m) mentioned above.
• In the large-m limit, the condition
should be satisfied. This is due to the second equation of (2.11).
By taking account of these conditions, we can fix the resolvent and the eigenvalue distribution completely as
Here in the case of κ = 0, we have the delta function distribution which exactly cancels the another subleading distribution ρ (1) (m). This is indeed the expected behavior since for κ = 0, the distribution should reduce to the leading one ρ (0,0) (m). It is also easy to check that in the limit κ → ∞, the above distribution shows the behavior of (N times) the second term in (2.15) .
Having studied the eigenvalue distribution, we now consider the saddle point value of V eff . The leading term of order N 2 is just canceled by the same term from the denominator Z. The subleading term of order N which comes from the first line of (2.8) is given by
By using the saddle point equation, it is easy to show that the combination in the round bracket, which is obviously k-independent, is also m-independent. From this, we find that (2.21) is just a k-independent constant, since m-integral of ρ (0,1) (m) is k-independent. Next, the order N term coming from the second line of (2.8) is given by 22) where the last term is a κ-independent constant. We can check that the constant term in (2.22) is canceled by (2.21) due to the relation ρ (0,1) (m) + ρ (1) (m) = 0 for κ = 0, which has been mentioned after (2.20) . Therefore, we have derived the first term of (2.5) with confirming again that we should take the minus sign there. An interesting point in this analysis is that, since we consider the large k ∼ N limit, the effects of the Wilson loop on the saddle point are not negligible; the standard semi-circle eigenvalue distribution is corrected by the 1/N terms and these corrections affect the leading behavior of the Wilson loop expectation value. In particular, the important contribution of (2.22) originates from the isolated eigenvalue. 
Resolvent through the Laplace transformation
The eigenvalue distribution discussed in the previous subsection is a kind of master field for the correlators in the presence of the Wilson loop. If AdS/CFT can be regarded as realizing the idea of the master field, it is natural to expect that there should be a counterpart of the eigenvalue distribution in the gravity side. Here we note that in general multi-matrix models like the four-dimensional N = 4 super Yang-Mills theory would not have a master field, but in a certain BPS sector like circular Wilson loops a kind of master field may exist due to higher supersymmetries by which the system can be effectively described by a one-matrix model. As we have already used in the previous section, the eigenvalue distribution is given by the imaginary part of the resolvent, R(z) , which is more tractable as a complex function, and the position of the eigenvalue is the pole of R(z). We thus study how the isolated pole arises when we discuss the resolvent based on its standard definition:
Such isolated eigenvalues play a crucial role in nonperturbative effects in noncritical string theories [17, 18] . It would be interesting if the Wilson loop with winding number of O(N ) is shown to play a similar role in critical string theories.
Here V (M) is a potential whose saddle point we are interested in. Such a question may be interesting even purely from the matrix model viewpoint. What is more, it will guide us to a gravitational interpretation, as we shall see.
In the integral representation (2.24), we should pay attention to the range of the variable p . Since we are interested in the saddle point which is defined solely by the potential V (M) , we need to drop effects of the inserted operator tr e pM on the saddle point. This means that although the upper limit of the p-integral is set to be infinity, we still assume the relation p ≪ N . In order to make this point clear, let us recall the case of the Gaussian potential, V (M) = (2N/λ)tr M 2 . In this case, the resolvent (2.24) is given by
The function f (p ′ , N) , which is defined in (2.2), satisfies the following differential equation:
By using the relation p ′ = λ/(4N)p and by taking the large-N limit with p ≪ N , (2.27) is reduced to the Bessel differential equation and then we have
Here I 1 is the modified Bessel function and the overall constant can be fixed by requiring f (p ′ , N) → 1 in the limit p → 0. Inserting this into (2.26), and performing the p-integral, we find the resolvent for the Gaussian potential:
Next we turn to the case with the insertion of a Wilson loop with a large winding number k of O(N). In this case, we need to take account of effects of the Wilson loop on the saddle point, i.e., we should consider the following potential:
Hence the resolvent in the presence of the Wilson loop with winding number k, which we call R k (z), is defined by
Here we note that the computation in (2.31) and (2.32) should be done in the following order: first we calculate the "two loop correlator" (2.32) for finite N and then we take the large-N and large-k limit with κ and p kept finite. Finally we perform the Laplace transformation (2.31). An explicit computation of the two loop correlator W (p) k is given in appendix A by going to the eigenvalue integral and using the orthogonal polynomial method. In the eigenvalue integral, we observe that the following decomposition,
naturally arises and then these two terms are analyzed separately. A physical interpretation of these terms will be discussed shortly. Here we just call the expectation value of the first term w(k, p), and the second w(k + p):
The explicit results of w(k, p) and w(k + p) are given in (A.30) and (A.31):
The first term on the right hand side of (2.36) gives the resolvent which is identical to the one for the Gaussian potential (2.29) in the large-N limit after the Laplace transformation. The second term gives the O(N −1 ) resolvent (2.18), as shown in appendix A.1. Here note that in the previous subsection, we assumed that the O(N −1 ) resolvent (2.18) has the cut at (− √ λ, √ λ) and has no pole (see the second condition after (2.17)). However in appendix A.1 we explicitly derive the resolvent (2.18) by taking the large-N, fixed κ and p limit for the second term in (2.36) and performing the Laplace transformation, which justifies the assumption.
Next let us consider the Laplace transformation of (2.37) . We should take the large-N limit with assuming the relation p ≪ N before the Laplace transformation. Furthermore, this term depends on the additional parameter k and the parameter region is chosen so that the combination κ = k √ λ/(4N) will be kept finite. The relevant terms in this limit are already given in (2.5). We just defineκ ≡ (k +p) √ λ/(4N) and then (2.37) is evaluated in the large-N limit with κ fixed and p ≪ N as
By performing the Laplace transformation, we obtain the following contribution to the resolvent of O(1/N):
This is exactly the pole corresponding to the isolated eigenvalue (2.13) found in the papers [13, 19] . Since the other O(N −1 ) contribution, the second term in w(k, p), is shown to give only the cut, these two O(N −1 ) contributions therefore give clearly different contributions to the resolvent or eigenvalue distribution.
We have thus succeeded in identifying which correlator gives rise to the isolated pole, but, of course, the result (2.40) itself is not quite new since we have just calculated the position of the isolated eigenvalue by a different method. However, the above procedure implies the following interpretation of the Laplace transformation and the resolvent.
First note that, as we shall review in subsection 3.1, the Wilson loop tr e kM corresponds to the D3-brane with k units of the electric charge in the dual gravity picture in the AdS/CFT correspondence (1.1). Then the two loop correlator (2.32) may be regarded as treating the D3-brane with string charge k as "a part of the background" and then introducing additional small number of string charge p , by which the total background is probed. Now we may advocate the following physical interpretation of each term in the decomposition (2.34) 8 ; the second term can be regarded as a situation where the additional string charge p is dissolved in the D3-brane with charge k, now altering the number of the charge from k to k + p. On the other hand, the first term may correspond to the case in which the additional string charge p is described by a probe D3-brane with charge p that is separated from the "background" D3-brane with charge k, but has an interaction with it. At the leading order of the large-N limit, we may expect that the interaction between them is not taken into account and that the first term of (2.36) describes two non-communicating D3-branes. Actually the first term in (2.36) is blind to k as a result of cancellation of the effect from the D3-brane with charge k between the numerator and the denominator in (2.32), while the second term in (2.36) describes the interaction between these D-branes in higher order of the string coupling constant. It then seems natural that the first term of (2.35) reproduces the semi-circle distribution, which would carry information on the AdS 5 ×S 5 , while the second term gives the pole, which is information of the D3-brane with k charge, in the leading contribution with respect to 1/N of each term.
Based on the above derivation of z * , we may also expect that, in the gravity side, z * appears as an object which is conjugate to the string charge in some sense. We will further investigate these points from the gravity side in the following section.
Matrix model resolvent from D3-brane picture
In this section we pursue the gravitational interpretation of the matrix model resolvent. In particular we concentrate on the pole corresponding to the D3-brane with string charge k . We will discuss the cut in the concluding section.
Since we found that the isolated pole is derived by the Laplace transformation of the expectation value of the operator tr e (k+p)M , it is rather easy to derive the pole itself in the D3-brane picture once the correspondence between the operator tr e kM and the D3-brane solution with k flux is established. Indeed the expectation value of the operator tr e (k+p)M in the large-N and large-k limit, or equivalently the function F (κ, N) is exactly reproduced by using the D3-brane solution as reviewed in the following subsection 9 . So, what we need to do is just to expand it with respect to p and perform the Laplace transformation. This computation is just a repetition of the matrix model case.
10 However, as we pointed out in the previous section, we should be able to extract more information about the role of the resolvent in the gravitational point of view. In the rest of the paper, we will investigate this issue.
A review of the Drukker-Fiol D3-brane solution
Let us give a brief review of the D3-brane solution derived in [9] , which will be useful for later discussions. Their proposal is that the expectation value of the Wilson loop with winding number k is given by the amplitude of a D3-brane carrying string charge k and attached to the loop on the AdS boundary:
Here S D3 consists of the Dirac-Born-Infeld action S DBI and the Wess-Zumino term S WZ for a D3-brane:
2)
3)
Here P[C 4 ] is the pullback of the four-form potential C 4 and the D3-brane tension is given by
. The path integral on the right hand side of (3.1) is taken over the D3-brane configurations satisfying appropriate boundary conditions which are specified in terms of the Wilson loop. The boundary term S b is introduced in order to flip the boundary conditions for the world volume gauge field and the scalar fields. In the semi-classical regime, the path integral may be well estimated by a saddle point value.
The authors of the paper started with the following metric for the AdS 5 part in the Poincaré coordinate:
with the curvature radius L = (4πg s N) 1/4 l s = λ 1/4 l s , and considered a circle r 1 = R, r 2 = 0 on the AdS boundary y = 0 and then discussed the D3-brane solution which is attached to the circle.
The actual D3-brane solution and the evaluation of the action were discussed by using the following metric:
Here, η, ρ and θ are related to r 1 , r 2 and y by the coordinate transformation
The range of these new variables are taken to be 0 ≤ ρ < ∞, 0 ≤ θ ≤ π and 0 ≤ η ≤ π/2 . They chose ψ, ρ, θ and φ as the world volume coordinates by σ 1 = ψ, σ 2 = ρ, σ 3 = θ and σ 4 = φ and assumed an S 2 symmetric and also ψ-translational invariant ansatz, η = η(ρ) and F ψρ = F ψρ (ρ) . Then S DBI and S WZ are written down as 9) and the solution for the equations of motion is given by
Here k is the string charge defined as
where L is defined as in (3.2). The solution is attached to the circle on the AdS boundary at ρ = 0 . The boundary terms are introduced in order to take account of the appropriate boundary conditions; the D3-brane carries a fixed number of the string charge k, and also the scalar fields transverse to the AdS horizon should satisfy the Neumann boundary condition. The latter boundary condition is motivated by the T-duality argument for the case with the fundamental string world sheet description instead of the D3-brane [2] . The boundary condition for the gauge field is taken into account by adding the following boundary term:
On the other hand, the relevant boundary term for the scalar fields is the one for the radial direction of AdS. Here we need to take care of the fact that the boundary terms for the radial coordinate differ for different choices of the coordinates system. In [20] , it was argued that a natural choice is to set the Neumann boundary condition for the coordinate u = 1/y:
One of the reasons for this choice was that the conjugate momentum of u is finite at the AdS boundary, while that of y is infinite. At the same time, this choice is necessary for the correct cancellation of divergence. In the following subsections we will see this choice is natural in our case as well. Summing up all the terms (3.8), (3.9), (3.12) and (3.13), the classical value of S D3 + S b is evaluated as 14) which indeed agrees with the matrix model result (2.5) [9] . Therefore, as mentioned at the beginning of this section, by replacing κ withκ = (k + p) √ λ/(4N) and performing the Laplace transformation for e −(S D3 +S b ) with respect to p (p ≪ N) , the pole at z = z * = √ λ √ 1 + κ 2 can be reproduced. In the above discussion, we used the explicit value of the total action with the solution substituted, which results in a function of k. As a result, the origin of the pole is not very clear. Since the string charge carried by the solution should have been set by the boundary condition before solving the equations of motion, we should first change the boundary condition as k → k + p and then observe a response of the action. It would allow us to discuss the Laplace transformation without using the explicit form of the solution from the beginning.
Before doing this analysis, here it is useful to take much care of the boundary condition in the above analysis. In the above discussion, we imposed the boundary condition for the conjugate momentum of the gauge field as iΠ = k . On the other hand, we did not mention the condition on the boundary value of the conjugate momentum of u; it is just given by inserting the solution. In principle, the boundary condition for the conjugate momentum of u should be specified independently before we discuss the solutions or the equations of motion. Moreover, based on the spirit of the AdS/CFT correspondence, the boundary condition should be specified in terms of the information contained in the Wilson loop.
In the case of the correspondence between the Wilson loops in fundamental representation and string world sheet, a detailed discussion on the boundary condition was given in [2] . In the next subsection we consider a boundary condition for the D3-brane. This analysis plays an important role in subsection 3.3.
D3-brane boundary condition imposed by Wilson loop
As we have mentioned, the boundary condition for the D3-brane should be specified in terms of the information carried by the Wilson loop. Before discussing the connection with the Wilson loop, let us take a look at what boundary condition is satisfied by the actual D3-brane solution (3.10). Near the AdS boundary, the radial coordinate u can be approximated by u ∼ 1/(Rη). Hence the conjugate momentum of u, at the D3-brane boundary, is given by
Here we introduce a new coordinate U as
The coordinate U is a natural choice for the scalar field, since L 2 /y corresponds to the radial coordinate of the flat six dimensions in the asymptotic region of the original extremal black 3-brane solution.
We define P U as the conjugate momentum of U integrated over S 2 : 17) then the boundary condition is simply given by
Note that the factor sin θ/(4π) in (3.15) originates from the S 2 symmetric property of the solution. Hence if we assume S 2 symmetry, we lose no information by integrating over the S 2 .
In the case of string, the connection between the boundary value of the momentum and the information on the Wilson loop is proposed and its validity is supported by an argument using the Hamiltonian constraint in [2] . In our present case for the D3-brane, we consider the other way round: we examine what kind of conditions such a constraint implies on the boundary value of the momenta for the world volume fields, from which we can guess appropriate boundary conditions.
For this purpose, first we note that the D3-brane solution in the previous subsection can be locally approximated by the solution corresponding to the straight Wilson line.
For later reference, we clarify this point. Let us consider a small region around a point on the loop, say ψ = ψ 0 and r 1 = R , and expand the coordinate as
Here ǫ is a small parameter and we assume that the coordinates t , ρ , and η take values of order 1 . The angular coordinate θ can take value in the original range as 0 ≤ θ ≤ π . Then the AdS 5 ×S 5 metric is reduced to the following one: 20) and the Wilson loop is extended along the t-direction. The solution (3.10) becomes the one corresponding to the straight Wilson line in ǫ → 0 limit. In the following we discuss a kind of Hamiltonian constraint only for the case of the straight line. However, from this observation, we expect that the analysis can also be applied for a local patch of a Wilson loop of an arbitrary (smooth) shape. Here we note that as we will see, when we interpret our analysis as the local version of the analysis for a circle, we must take the scale factor R and ǫ into account, which is lost in the case of the straight line. Moreover, it should be stressed that in the following argument, although we use the S 2 symmetric ansatz, we do not use information on the classical solution reviewed in the previous subsection (nor its reduction to that for the straight line) in the gravity side. In our semi-classical analysis, it seems natural to allow any field fluctuation around a classical configuration on the right hand side in (3.1) as long as it is consistent with the boundary condition. From such a point of view, the S 2 symmetric ansatz is just an assumption for allowed fluctuations. 13 Of course requiring global symmetries including the supersymmetries is sometimes so strong that an allowed configuration will be uniquely a classical solution, especially when the Wilson loop is highly symmetric as for the straight line and the circular loop; see appendix B. However here we emphasize that the S 2 symmetric ansatz still allows a wide range of fluctuations, and the following argument should hold for such field fluctuations.
We use the following coordinates for the AdS 5 ×S 5 geometry:
The four directions (t, ρ, θ, φ) are identified as the four-dimensional space where the gauge theory lives. The Wilson loop is located at ρ = 0 and extended into t-direction. We are 12 This corresponds to ρ → ǫρ, η → ǫη. 13 It may also be possible that, as a definition of the correspondence, the functional integral on the right hand side of (3.1) should be constrained in a domain where the world volume fields preserve some symmetries of the Wilson loop. In such a case, the S 2 symmetric ansatz becomes more important than in the case where it is just an assumption. Although it is an important problem to give a precise definition for the integration region on the right hand side of (3.1), it is beyond the scope of the present article.
now discussing the D3-brane configuration which is pinched to the line ρ = 0 on the AdS boundary, U = ∞ . We introduce the world volume coordinate σ a (a = 1 ∼ 4) and, as mentioned above, assume the S 2 symmetric ansatz 14 :
We take the coordinate σ 2 in such a way that the D3-brane boundary is at σ 2 = 0, i.e., ρ(σ 1 , σ 2 = 0) = 0 and U(σ 1 , σ 2 = 0) = ∞. Then on the boundary σ 2 = 0, the parameter σ 1 should parameterize the loop on which the D3-brane is attached. Now the D3-brane action is given by
Here the Lagrangian L D3 and L DBI,WZ are defined with the S 2 part integrated. We define the conjugate momentum P X M and Π a for X M and A a , respectively as
Then, the following identity holds:
where
, whose explicit forms are given by
These do not include any derivative with respect to σ 2 and thus (3.30) can be regarded as a constraint in the phase space. By using the explicit form of the metric, the constraint (3.30) can be rewritten as
14 There are several S 2 in this AdS 5 × S 5 geometry to be identified with the world volume S 2 , for example, some S 2 ⊂ S 5 . Here we consider configurations which are trivial in the S 5 direction. This is also an assumption.
Let us assume that the D3-brane configuration asymptotically satisfies the following conditions in the limit σ 2 → 0:
The first condition has already been imposed as a boundary condition, which requires that the D3-brane should be attached to the AdS boundary. The second means that the radius of the S 2 part of the D3-brane is finite at the boundary. The last one refers to the behavior of the fields at the boundary with respect to N. Although the last two inequalities are new assumptions, we expect that (3.33) picks up a reasonable set of fluctuations.
Under the conditions (3.33), the equation (3.30), in the limit σ 2 → 0, is reduced to a simple form:
(
Thus we find that the world volume fields on the D-brane attached to the Wilson loop at the AdS boundary are subject to this constraint, at least under the S 2 symmetric ansatz. Now it is natural to impose the boundary condition on Π 1 as
since the boundary condition imposed by the straight Wilson line, with constant θ i , should not depend on the parameter σ 1 . Then since the conjugate momentum of U i and that of U , which are defined by (3.29), are related through P U i = (U i /U)P U on the boundary, the equation (3.34) tells us that at σ 2 = 0,
Note that there should be a sign ambiguity for P U . Here we took the minus sign so that it will be consistent with the classical solution. This is the only input from the classical solution.
As an application, in order to reinterpret (3.36) in the case of the circular loop, we need to take account of the scale factor R and ǫ as pointed out in the discussion after (3.20) . Since the first equation of (3.36) dose not have any uncontracted target indices, it does not need to be changed. On the other hand, the second equation should be reinterpreted by taking account of the scale factor as U(straight) = Rǫ × U(circle) as implied by the last equation in (3.19), and t = ǫ −1 ψ . Hence we have
This is precisely the relation we found at (3.18) (note that the (3.37) dose not depend on the choice of the parameter σ 1 ) . So far we have considered the local straight line (3.36) or the circular loop (3.37). In more general case, we thus expect following boundary conditions:
Here X µ is the four-dimensional Cartesian coordinate, i.e., ds
which is identified with the space where the gauge theory lives.
In the spirit of the AdS/CFT correspondence, the boundary condition should be given in terms of the Wilson loop:
Thus we find that natural boundary conditions are
where we omitted the trivial S 2 -dependence in (3.40) and σ 1 (s) determines a relation between two parameters of the loop (or the boundary of the world volume) representing the same point. Hereafter we assume σ 1 = s by using the reparametrization invariance of the Wilson loop. We find that the Wilson loop gives the Dirichlet boundary conditions (3.40) on the scalar fields along the world volume direction of the N D3-branes and the Neumann boundary conditions (3.41) on the gauge field and the scalar fields perpendicular to the world volume direction, as expected [9] .
We would make some remarks. First we notice that in (3.41) the integration over S 2 in AdS 5 is done in Π 1 and P U i , which is seen from the definitions (3.26) and (3.29). We expect that this integration is trivial even for loops of arbitrary shape if the loop is locally approximated by a straight line with the S 2 symmetric ansatz. Next, we note that our boundary conditions are natural generalization of the ones given in [2] in the sense that (3.40) and the second boundary condition in (3.41) amounts to them in the case of the string world sheet, namely when we neglect the σ 3 , σ 4 -dependence and use the Nambu-Goto action.
Finally let us make a remark on the most important aspect of our boundary conditions. By use of the embedding coordinates X µ , we can convert the world volume indices of Π a into the space-time indices along the world volume like Π µ ≡ ∂ a X µ Π a . Since Π a has the only non-vanishing component for a = 1, Π µ satisfies the following boundary condition
where we have used (3.40). Using the second boundary condition in (3.41), this gives the following relation
It is worth noting that the boundary condition (3.41) imposed by the Wilson loop (3.39) thus corresponds to the BPS condition in [21] , i.e., force balance between the electric charge Π 1 and the deformation of the D3-brane which is characterized by P U , in the case of the spike solution in the flat space. The force balance equation becomes simple and symmetric form for our choice of the coordinate, i.e., X µ and U i . This may be understood by the fact that the coordinate system {X µ , X i+4 = 2πα ′ U i } corresponds to the Cartesian coordinates of the flat ten dimensional space in the asymptotic region of the black 3-brane solution. Thus it is natural that the equation (3.43) also implies a local BPS condition for the Wilson loop. In fact, in gauge theory side, we can introduce a loop of an arbitrary shape in the internal space by replacing |ẋ|θ i in (3.39) with some functionẏ i (s). For a corresponding D3-brane solution our boundary condition becomes the following symmetric form:
and then the force balance condition is equivalent to the relatioṅ
which is nothing but the local BPS condition for Wilson loops in the gauge theory side [2, 22] . Therefore we find our boundary condition quite natural because once it is assumed, the local BPS conditions in both sides become equivalent 15 . Another interesting point is that the Gauss law constraint implies that the coordinates σ 1 and σ 2 , i.e. normal direction and tangential direction of the loop, are mutually independent. Indeed, from (3.41) and (3.44)
and hence ∂σ 2 /∂σ 1 = 0. We would also like to note that (3.44) makes the boundary terms (3.12) and (3.13) manifestly invariant under the reparametrization. We now evaluate the right hand side of (3.1) under this boundary condition. In a region like λ ≫ 1 the saddle point approximation will be valid, and then we can estimate the summation S D3 + S b by its saddle point value. Since adding the boundary terms amounts to the Legendre transformation, this saddle point value is given by a function of the boundary values of momenta as (S D3 + S b )| saddle point = R(Π, P U ) , where Π and P U express the boundary values of the momenta. 17 Then the AdS/CFT correspondence for the Wilson loop in a semi-classical limit claims 1 N tr e kM = e −R(−ik,−Rk) . (3.48) 15 However this equivalence may be a peculiar feature of AdS 5 × S 5 background [23] . 16 It might be interesting to notice that the boundary term (3.12) and (3.13) takes the form of the exponent of the U (1) Wilson loop under our boundary conditions, though we should not be confused about the gauge field in the super Yang-Mills theory and that on the D-brane world volume. 17 Here we still assume the S 2 symmetric ansatz. Hence only the conjugate momentum of η(ρ) and F ρψ (ρ) are considered.
As mentioned at the beginning of this section, in order to derive the matrix model resolvent associated with the isolated eigenvalue, we change the boundary condition as k → k + p and make the Laplace transformation with respect to p , with taking account of the relation p ≪ N . Now let us follow simply this procedure without using other information like the explicit form of the saddle point configuration in contrast to the derivation described below (3.14) . In fact, this approach enables us to clarify a gravitational interpretation of the isolated eigenvalue as we will see shortly.
Recalling that the variation of R with respect to change of the boundary value originates only from that of the boundary terms [9] as
(3.49)
By neglecting the terms which vanish in the limit
Then by performing the Laplace transformation, we can derive the following pole term:
As a check, we shall plug the solution (3.10) into this, and then the location of the pole reproduces the position of the isolated eigenvalue correctly:
As we have noted a couple of times in this paper, it is not so striking a result in itself that the position of the isolated eigenvalue is reproduced. Here we claim that the position of the pole, namely the position of the eigenvalue, has been identified with the electric flux F ρψ integrated with respect to ρ and ψ directions of the D3-brane (plus contribution from scalar field U) as far as the isolated eigenvalue is concerned. This is exactly what we anticipated in the last of section 2, because this value is conjugate to the electric flux, namely the string charge, in the sense of (3.49) and (3.50).
Here it is important to recognize that in deriving the gravitational interpretation of the eigenvalue (3.52), our boundary condition (3.47) plays a crucial role. This is because each boundary term (3.12) and (3.13) diverges at the boundary, but after an appropriate regularization, dependence on the regularization cancels out between them as shown in [9] . One can easily find that under our boundary condition (3.47), the divergence again cancels because of the fact that both of boundary values of Π and P U are given in terms of the same k. In particular, if we impose the boundary condition only on Π, this is not the case. Finally, it is interesting to see that from (3.52) the gravitational counterpart of the isolated eigenvalue takes the form of the exponent of the U(1) Wilson loop (see the footnote at the end of subsection 3.2).
Conclusions and discussions
In this paper, we have analyzed the gauge theory Wilson loop winding around a circular loop k times, by using a D3-brane carrying k units of string charge in the context of AdS/CFT correspondence. It is known that the calculation of the expectation value of this Wilson loop, thanks to its symmetry, boils down to considering a Gaussian matrix model with an exponential operator insertion. We have then aimed our goal at establishing a gravitational interpretation of the eigenvalue in this matrix model based on the D3-brane version of the correspondence (1.1). This point presents a contrast to the preceding papers on "bubbling Wilson loops" [12] [13] [14] .
We started with analyzing the resolvent of the Gaussian matrix model using the orthogonal polynomials. In the calculation, we first derive the resolvent in its inverse Laplace transformed form, by use of e pz . Then after the Laplace transformation we obtained the usual resolvent. In the inverse Laplace transformed form, we derived the expression which is valid to all orders in 1/N , and we identified a term that corresponds to the eigenvalue which is isolated due to a large k ∼ O(N) effect. The remaining terms are responsible for the rest of the resolvent. The part corresponding to the isolated eigenvalue has the structure in which p is included in the shift of k as tr e kM → tr e (k+p)M . In accordance with the D3-brane description of the matrix model operator 1 N tr e kM , we were naturally led to consider the D3-brane with k +p string charge and the Laplace transformation of its amplitude. Eventually we identify the position of the isolated eigenvalue, observed as an isolated pole of the resolvent, with an integrated flux (and scalar fluctuation) on the D3-brane. We therefore succeed in providing, at least in part, a gravitational interpretation of the eigenvalue in the Gaussian matrix model.
As a by-product, we have proposed natural boundary conditions for the D3-brane configuration with fluxes in terms of the Wilson loop. These boundary conditions also provide a direct relationship between local BPS conditions in the gauge theory side and that of the effective theory on the probe D3-brane.
Let us now discuss the cut of the resolvent. In the present paper, we have mainly studied the gravitational description of the isolated pole of the resolvent. It is surely nice if the cut of the resolvent can also be discussed based on our gravitational description. In the gauge theory side we saw in subsection 2.2 that the cut of the leading semi-circle originates from the leading term in w(k, p). In the gravity side, we argued that this term corresponds to the configuration with a D3-brane carrying string charge p (≪ N) in addition to the one with the string charge k (∼ N) which is now treated as a part of the background. So, we may expect that by performing the Laplace transformation of the contribution from such configuration, the cut would be reproduced. However, here we should recall that the saddle point value of the gravity side gives only the leading term of the gauge theory observables. In fact, the saddle point value of the D3-brane action with string charge p (≪ N) naively gives the result e p √ λ . This is just the leading contribution of the Bessel function (2.28) in the large 't Hooft coupling limit, and it dose not lead to the cut after the Laplace transformation. Hence, it is clear that in order to reproduce the cut, we need to take account of the quantum α ′ correction of the D3-brane with string charge p.
Another point we should also mention is the case of the correspondence between anti-symmetric Wilson loop and D5-brane [10, 24] . It would be interesting to examine whether our gravitational interpretation is valid also in this case. However the situation is not straightforward. This is because the multiplication of the k-th anti-symmetric trace operator Tr A k e M and the probe operator tr e pM dose not include the (k + p)-th antisymmetric trace operator. It seems to suggest that we need to consider the configuration with a D3-brane carrying p flux around the background D5-brane with k flux, instead of only considering a single D5-brane with (k + p)-flux.
Here we also point out a subtlety concerning the relation between a Wilson loop with winding number k and that in the k-th symmetric representation. Let u i be i-th eigenvalue of e M where M is the matrix variable used in the matrix model analysis in section 2.2. The Wilson loop with winding number k can be calculated by tr e kM = i u k i while the Wilson loop in the k-th symmetric representation corresponds to
where · · · includes the other combinations of the powers of the eigenvalues. See [10, 19] for the details. Here we note that the decomposition that appeared in our matrix model calculation (2.35) is equivalent to the terms here when we write them as w((k − 1) + 1) + w(k − 1, 1) with k being k − 1 and p being 1. It has been argued that the expectation values of these two Wilson loops coincide under the large 't Hooft coupling limit, namely in (4.1), compared to the first term, the rests are exponentially suppressed in large λ. However our explicit calculation shows that w(k) is of order 1/N compared to w(k − 1, 1). Note that k and p have been assumed to be of O(N) and O(1) respectively, and then the calculation is still valid. The equivalence thus holds only when the large-λ limit overcomes the difference in 1/N, that is, λ needs to be larger than log N. This is therefore out of the usual limit such as first taking N → ∞ with fixed λ and then taking λ to be large. Note that in this article we employ only the fact that in the strong coupling limit the D3-brane solution with k-flux agrees with tr e kM , and then this subtlety does not matter. Finally, it would be also important and interesting future work to clarify the relation between our viewpoint and the bubbling picture [13, 14] . We believe our viewpoint leads to a deep understanding of the gravitational interpretation of the eigenvalue, or moreover the connection between gauge theory and gravity.
A Two loop correlator in Gaussian matrix model
In this appendix we compute the "two loop correlator" of the Wilson loop:
in order to examine the resolvent in the presence of the Wilson loop with a large winding number. For this purpose, we have to evaluate (A.1) for finite N as noticed below (2.33). Therefore, we calculate (A.1) by means of the orthogonal polynomials. We first change the variables as
Using the Hermite polynomial P i (m) satisfying
the Vandermonde determinant can be written as
and the relevant integral is given bỹ
We decompose the sum over i, j in (A.8) into two types according to i = j or i = j (A.8)
Each term (A.9) and (A.10) corresponds toZ k w(k, p) andZ k w(k + p), respectively where w(k, p) and w(k + p) are given in (2.35).
The first term can be rewritten as
Here we defined
On the other hand the second term (A.10) can be rewritten as (A.10)
. From (A.15) to (A.16), we used the fact that the Kronecker delta j =i δ σ(j)τ (j) implies that two permutations σ and τ are identical.
Next we perform the integral in (A.13). We first note that from the generating function of the Hermite polynomial
we have
Plugging this equation into (A.13), we have
By differentiating the generating function of Laguerre polynomial L (α) 20) with respect to t we obtain
By using this equation with replacing x → −k 2 and t → t/k, we can rewrite (A.19) as
Notice that by definition
which can also be proved explicitly from (A.22), and
Here the Kronecker delta in the last expression implies that only two cases are possible:
According to this, we get (A.9)
where in the last step we have used an identity of the Laguerre polynomial, L
j (x). On the other hand, using (A.24) in (A.16), we obtain (A.10)
From (A.26) and (A.27), (A.8) can be rewritten as
Moreover, by setting p = 0 in (A.8) and noting W (0) k = 1, it is easy to see thatZ k is nothing but (A.10) with p ′ = 0 multiplied by N. Thus from (A.27)
Therefore we find that
.
(A.31) (A.30) and (A.31) come from (A.9) and (A.10), so give the explicit form of w(k, p) and w(k + p) in (2.35), respectively. Notice that so far we have not made any approximation and hence this equation is exact and holds for any finite N. Therefore we can expect its useful application elsewhere.
A.1 The evaluation of the second term in w(k, p)
In this subsection, we evaluate the large-N limit of the second term in (A.30) and derive the corresponding term in the resolvent. We consider the numerator of the second term:
where we have multiplied the additional factor e k ′2
2 and, for notational simplicity, we have changed i → i + 1, j → j + 1. h i and I i,j are defined as (A.6) and (A.13), respectively.
Let us start with the large-N expansion of I j,i (k ′ ) for arbitrary i, j and finite κ. For this purpose, we recall its integral representation (A.13) and rescale the variable as m = m/ √ N such that the Gaussian potential becomes proportional to N;
we have also rescaled the Hermite polynomials as P i (m) = N −i/2 P i (m) to make it satisfy the normalization P i (m) =m i +· · · . The large-N behavior of the generic orthogonal polynomial in this normalization is addressed in [18] . Because of the large linear termk ′m = 2κNm, integral (A.35) has a saddle pointm =m * at a non-oscillating region 4i/N <m * for the Hermite polynomial P i (m) (see [18] for generic behavior of the orthogonal polynomial). Hence we concentrate on the expression for that region:
(A.36) where
By using this expression, we find the saddle point of the integral (A.35) as
Evaluating (A.35) semi-classically including the Gaussian integral around the saddle point, we obtain the following large-N behavior
Next we study the large-N behavior of I i,j (p ′ ) for finite p = p ′ 4N/λ. In this case, the linear termp ′m = p ′ m is small and we need to consider an oscillating region. Here, instead of studying it, we derive the large-N behavior of I i,j (p ′ ) by solving the differential
The first term (λ/4N)p 2 in the round bracket is small compared to the second term in the same bracket. By neglecting this term, we can reduce the the equation to Bessel's differential equation and we obtain
where Λ = λ(i + j + 1)/2N. max(i, j) represents the larger value and I |i−j| is the modified Bessel function. The overall constant can be fixed by comparing the asymptotic behavior of the Bessel function with that of the Laguerre polynomial in the small p limit. This expression is again valid for any values of i and j.
Now we discuss the summation (A.32) using these ingredients. We should be careful that the subleading O(N −1 ) terms in (A.39) and (A.41) possibly contribute to the leading behavior of A, since A is defined by the summation over N 2 terms. However, as we will see later, only the terms with N − i = O(1) and N − j = O(1) actually contribute to the second term of (A.30). Then the effective number of terms being summed is of order O(1), and we can consistently neglect the O(N −1 ) terms. In the following, we call the range N − i = O(1), N − j = O(1) "C". We first concentrate on the terms in the range C, and then we study the contributions of the terms outside C.
In order to discuss the terms in C, we change variables as m ≡ 2N − (i + j) and d ≡ i − j and expand (A.39) and (A.41) with assuming m = O(1), d = O(1). Then we obtain the following simple expression for F i,j (k ′ , p ′ ):
We set the range of summation as d = 0, ±1, ±2, · · · , ±D and m = |d| + 2, |d| + 4, · · · , |d| + 2M for a fixed value of d. Here M and D define the upper limits of the summation which should be large but still of O(N 0 ) in the present assumption of the range C. In the large-N limit, both of the upper limits can be consistently taken to be infinity. After the m-summation, we obtain the following large-N expression for A:
Here for simplicity we have taken the limit D → ∞, M → ∞ which is consistent in the large-N limit as noted above. The extracted factor e k ′2 2 L
(1)
is exactly canceled by the denominator of (A.30) taking account of the extra factor e k ′2
2 . The dots (· · · ) in (A.45) express the terms outside C. We will shortly see that these terms actually dose not give finite contribution to the resolvent in the large-N limit. Before that we shall derive the resolvent corresponding to the first term of (A.45) by performing the Laplace transformation (recall the overall factor −1/N in the second term of (A.30)):
Therefore, the only singularity of R 2nd term (z) is the cut − √ λ ≤ z ≤ √ λ. In fact, it is easy to see that (A.48) is just another form of (2.18). By checking the residue of the pole at infinity it is clear that the resolvent corresponds to "minus one" eigenvalue, i.e., it subtracts one eigenvalue from the leading semi-circle distribution. Hence we have derived the resolvent (2.18) without assuming the conditions mentioned after (2.17) .
Finally let us show that the terms outside C do not contribute to the resolvent. In fact these terms are exponentially suppressed with respect to N compared to the terms in the range C. Since such exponential suppressions will not be compensated even by summing up all the N 2 terms, we can conclude that these terms do not contribute in the large-N limit.
In order to clarify this point, it is helpful to start with the following simple ordering property of
which follows directly from the definition of the Laguerre polynomial:
Here j C i−r is a binomial coefficient and we define j C i−r = 0 for j − i + r < 0. Because of this ordering property and also the symmetric property
, it is sufficient to show the following two claims: (I) among the terms
, those in C are exponentially larger than the other terms, and (II) among the terms F i,j (k ′ , p ′ ) with i − j = O(1), those in C are exponentially larger than the other terms. By showing these two claims and considering the ordering property (A.49), one can easily see that the terms in C are exponentially larger than all the other terms.
Let us begin with the first claim (I). We use the expressions (A.39) and (A.41) with setting j = N − 1. Keeping terms of up to O(N), we have
where ξ = i/N and K ± and R are defined as
The first and the second line is the asymptotic form of h
, respectively. We have used the asymptotic form of the Bessel function which follows from the saddle point approximation of the integral:
where ν = N − 1 − i. The second line of (A.50) follows by assuming ν ≫ 1, and applying the saddle point approximation for the integral and also Stirling's formula for Γ(ν + 1/2). For the range ν = O(1), in the sense of large-N limit, both of these approximations break down. However, even in this region, we can find the regime where ν is still large compared to 1 and also p √ λ. In such a regime, the asymptotic behavior (A.50) is still valid. In the second line of (A.50), we have also used Stirling's formula for i!. It is easy to check that the following arguments are still intact even if we consider the regime i = O(1) seriously.
The dominant ξ-dependence of (A.50) arises from the first term on the first line and the terms on the second line. Let us take the derivative of the summation of these dominant terms with respect to ξ:
In the right hand side, we introduced γ by N − i = N γ , i.e., 1 − ξ = N γ−1 and used p ′ ≃ N −1/2 . From this expression, we see that for the range 0 < γ ≤ 1, F i,N −1 (k ′ , p ′ ) increases quite rapidly with respect to ξ as N γN ξ . Let us also check the ξ-dependence for the range 1 − ξ = O(N −1 ), i.e., N − i = O(1). For this purpose we expand (A.50) with respect to the small parameter ǫ = 1 − ξ. Then we have
Here we have written down only the leading ǫ-dependence. So, dots (· · · ) include the subleading terms and also the leading but ǫ-independent terms. By taking the derivative of the exponent with respect to ξ = 1 − ǫ, we obtain the following result:
increases with ξ at least as e ξN log(κ+ √ κ 2 +1) . The O(log N) terms in (A.50) do not change this conclusion. Hence we have shown the first claim (I).
Next we turn to the second claim (II), i.e., the parameter range i − j = O(1). For this range, h −1 i I i,j (p ′ ) behaves, at most, like power in N as can be seen from (A.41). Hence the dominant behavior is determined by the following asymptotic form of (A.39):
where ζ = j/N. The dependence on i − j appears only in the subleading terms. By taking derivative of the leading exponent with respect to ζ, we find that
) . This shows that the second claim (II) indeed holds.
B BPS conditions and the uniqueness of the solution
In AdS/CFT correspondence, one of the most important guiding principles to find out a corresponding object to its holographic counterpart is the symmetry preserved by the object. For example, the circular and the straight line Wilson loops preserve SL(2, R) × SO(3) symmetry as a part of the Euclidean conformal group SO(5, 1) of the N = 4 super Yang-Mills (SYM) theory. In accordance with this preserved symmetry, the D3-brane solutions found in [9] have the structure of AdS 2 × S 2 whose isometry is indeed SL(2, R) × SO (3) 19 . The circular loop and the straight line also preserve a part of the supersymmetry of SYM, namely they are BPS objects, and therefore corresponding D3-brane solutions should preserve some of global supersymmetry of type IIB supergravity and, as also shown in [9] , so do they.
In this appendix, we see that the BPS condition for D3-brane solutions, together with the S 2 symmetric ansatz, suffices to determine the solution (virtually) uniquely, at least in the circular loop and the straight line cases. In [9] , the authors checked that, for the straight line, the BPS equation is satisfied by their solution. Here we do not assume the D3-brane solution, but just postulate the S 2 symmetric ansatz η = η(ρ) and F ρψ (ρ), and observe how the BPS condition restricts the form of the solution.
We examine the circular loop case with a brief summary of the BPS condition for D-brane solutions. We start with the Euclidean AdS 5 metric (3.6), where Wick rotation to Lorentzian metric, t E = it, is easily understood. One can see that this Wick rotated Lorentzian metric is mapped into the metric (B.1) with ψ replaced with ψ E = iψ, and then we can consider ψ E = iψ as "Wick rotation" of our metric. From (B.1), we define the vielbeins, The BPS condition for a D-brane solution is given by a compatibility condition of the κ-symmetry of the D-brane action and a part of the global supersymmetry of the background. See, for example, [26] . The κ-symmetry projector with Lorentzian signature is defined by
X ≡ ⊕ Γ (2n) K n I , (B.8) In order for a solution to exist, ǫ where the signatures are taken to be same. The solution found in [9] corresponds to the plus sign. In order to determine κ, one needs to solve the equations of motion for the D3-brane action, and we have already known that these BPS solutions solve the equations of motion as well. We therefore conclude that the BPS condition for D3-brane solutions with the S 2 symmetric ansatz is sufficient to determine the classical solution. In the main part of the text, we have implicitly assumed that as for a small deformation of the boundary condition k → k + p there exists a unique classical solution associated with the new boundary condition. The result of this appendix justifies this prescription, since the solution depends only on the parameter κ.
